The development of spectroscopic techniques able to detect and verify quantum coherence is a goal of increasing importance given the rapid progress of new quantum technologies, the advances in the field of quantum thermodynamics, and the emergence of new questions in chemistry and biology regarding the possible relevance of quantum coherence in biochemical processes. Ideally, these tools should be able to detect and verify the presence of quantum coherence in both the transient dynamics and the steady state of driven-dissipative systems, such as light-harvesting complexes driven by thermal photons in natural conditions. This requirement poses a challenge for standard laser spectroscopy methods. Here, we propose photon correlation measurements as a new tool to analyse quantum dynamics in molecular aggregates in driven-dissipative situations. We show that the photon correlation statistics on the light emitted by a molecular dimer model can signal the presence of coherent dynamics. Deviations from the counting statistics of independent emitters constitute a direct fingerprint of quantum coherence in the steady state. Furthermore, the analysis of frequency resolved photon correlations can signal the presence of coherent dynamics even in the absence of steady state coherence, providing direct spectroscopic access to the much sought-after site energies in molecular aggregates.
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Introduction-The emerging field of quantum thermodynamics assesses the role of quantum fluctuations on thermodynamic properties of meso-or nanoscopic systems [1] [2] [3] [4] . Of particular importance is the possible role of quantum coherence to enhance the efficiency of thermodynamic processes in the quantum regime and the possible gain for technological applications. It has stimulated a lot of theoretical investigations into the circumstances when this advantage can be gained [5, 6] and how much work can be gained from a quantum system [7] [8] [9] . In parallel, recent years have also seen an intense debate in the field of chemical physics. Sparked by the discovery of quantum-mechanical coherence in photosynthetic complexes, it was hypothesised that coherent dynamics following the absorption of sunlight might be relevant for the functionality of these complexes, and even form a key ingredient for the high quantum efficiency of solar light harvesting [10] [11] [12] .
However, as these discoveries are based on phase-coherent ultrafast laser experiments [13] , it was argued that transient coherences should be irrelevant for natural photosynthesis, and they rather constitute an artefact of the laser usage [14, 15] . Accordingly, natural photosynthesis instead takes place in a nonequilibrium steady state, and only coherence in such steady state regimes could reasonably be expected to have functional relevance. A growing number of theoretical studies discusses the impact of light statistics on the ensuing dynamics [16] [17] [18] [19] . In addition, a considerable number of theoretical models have been put forth, where steady state coherence is induced by environments [5, [20] [21] [22] [23] [24] , both relating to photosynthesis and chemical reactions more generally. Yet to date, there exists no direct spectroscopic probe of these nonequilibrium steady states. The detection of transient coherence in ultrafast laser spectroscopy, too, relies on a comparison to model calculations, in order to infer the presence or absence of coherence [25, 26] .
In this paper, we introduce photon correlation spectroscopy as a possible tool to measure coherent dynamics and the presence of steady state coherence between excitons in single molecule spectroscopy. Our proposal relies on measure-ments of photon correlations of the light emitted by single molecular aggregates [27] [28] [29] [30] [31] in natural, non-equilibrium situations. In particular, we show how the presence of steadystate coherence can be detected in two-photon coincidence measurements by varying the detection polarization. We further prove that frequency-resolved counting statistics [32] [33] [34] [35] [36] [37] [38] can reveal similar information on transient coherent dynamics as two-dimensional spectroscopy [39, 40] . The analysis of these signals could provide access to the local on-site energies in molecular aggregates, which form one of the greatest unknown in theoretical models of such complexes [41] [42] [43] . Crucially, this information is obtained in a non-equilibrium stationary state, without the need of phase-coherent ultrafast pulses. As photon correlation spectroscopy considers properties of the fluorescence emitted from a sample, it can be carried out with excitation by incoherent light sources, and thus provide insights into nonequilibrium dynamics in conditions of natural illumination of the samples.
Nonlinear laser spectroscopy vs. photon correlation measurements-On a microscopic level, nonlinear spectroscopy measures the nonlinear response functions of a sample, which can be connected to dipole correlation functions [13] .
For instance, standard techniques such as pump-probe measurements or photon echoes measure the third-order nonlinear susceptibility. Ultrashort pulses prepare a nonequilibrium state, whose evolution is monitored by a probe pulse after fixed time delay. This amounts to a measurement of response functions of the form
, where d i denote components of the sample's dipole operator. Phase matching and control of the laser polarizations allows for additional selectivity, in order to only measure quantum pathways with the desired information [44, 45] , distinguish homogeneous from inhomogeneous broadening, or detect bath correlations from two-dimensional resonance lineshapes [39] . Multi-color extensions of such measurements further enable the detection of correlations between electronic and vibrational dynamics [46] .
As we will see below, the conceptually simpler measure- ment of photon coincidences [see Fig. 3 (a)], a central quantity in quantum optics described by Glauber's second-order correlation function g (2) (t 1 , t 2 ), contains similar information, as the fluorescence light can be directly translated into a function of the sample dipole operator. Measurements of bunching and anti-bunching statistics are widely employed to characterize quantum effects in continuously-driven cavity quantum electrodynamics systems [47, 48] , and is recently gaining relevance in other fields, e.g. as a method to achieve superresolution in biological imaging [49] . Its most general version meaures coincidences between photons detected at different energy-windows [32] [33] [34] [35] [36] [37] [38] , described by the frequency-filtered Glauber's second-order correlation function [32] :
where T (:) refers to time (normal) ordering, and witĥ E (±) ωi,Γ (t) the negative/positive frequency parts of the timedependent electric field operator filtered at the frequency ω by a Lorentzian filter of linewidth Γ,Ê ω,
Here, we will concerned with the simplest case of zero-delay statistics in the stationary regime, where the time-dependence in Eq. (1) can be dropped, g (2) (ω 1 , ω 2 ) ≡ lim t→∞ g (2) (ω 1 , t; ω 2 , t). Even in the zero-delay case, the frequency-filtered electric field involves an integral in time, therefore containing information not only about the stationary values of the density matrix ρ, but also about the dynamics of the system, formally encoded in the Liouvillian superoperator L that generates the evolution of the density matrix,ρ = Lρ [50] . From Eq. (1) and the definition ofÊ ω,Γ (t), it is clear that photon correlation measurements too can be traced back to four-point correlation functions of the sample dipole operators, which is directly proportional to the radiated electric field (see below). Therefore, as pointed out in Ref. [51, 52] , they can provide similar spectroscopic information as the measurement of the third-order nonlinear response using ultrafast laser, with the important advantage that, rather than using ultrashort pulses to initiate the dynamics, they can be performed in a steady state configuration.
Emission statistics from a single dimer-Now, we demonstrate the use of photon counting statistics to identify coherence in the simplest conceivable composite quantum system: a dimer composed of two dipoles described in the two-level system (TLS) approximation [see Fig. 1(b) ]. It forms the simplest toy model to describe the formation of excitonic states in molecular aggregates and their signatures in ultrafast spectroscopy. As a consequence, dimer systems have been widely studied in both theory [53] [54] [55] [56] [57] and experiments [58] , in order to better understand dynamic or spectroscopic features in more complex realistic models of light-harvesting complexes.
Each dipole has a dipolar moment operatord i = µ i (σ i + σ † i )u i , whereσ i is the lowering operator of the i-th TLS. Considering the bare energies of the TLSs to be ω σ , and that any internal coupling rate is g ω σ , the positive-frequency part of far-zone electric field operator radiated by the dimer is given by [59] 
This turns Eq. (1) into a four-point dipole correlation function. The angles η i and the unit vector x i are defined in Fig. 1(b) . In the following, we consider that the detectors measure a specific polarization u λ , yielding scalar fieldsÊ ( 
Using the angle definitions shown in Fig. 1(b) , and omitting from now on the subscript λ for convenience, we can write this as
Thus, E 1 and E 2 are determined by the relative orientation of the dipoles θ, the polarizer angle ϕ, and the position of the detector. To simplify the discussion, we first consider photon counting statistics on a single detector, as sketched in Fig. 1(b) . Thus, Glauber's zero-delay, second-order correlation function simply reads g (2) (0) = Ê (−)Ê(−)Ê(+)Ê(+) / Ê (−)Ê(+) 2 . Writing the correlators in terms of the elements of the density matrix as
ρ e2e2 + ρ dd and σ † 1 σ 2 = ρ e2e1 , we straightforwardly obtain
Bounded photon fluctuations in uncoupled systems-Importantly, Eq. (4) features the steady-state coherence ρ e2e1 in the denominator. This terms enters the equation through Ê (−)Ê(+) , which may suggest that a simple measurement of the intensity could suffice to determine the existence or absence of coherence. However, the intensity alone cannot distinguish coherence without an a-priori knowledge of the dipole strength of the sample.
On the other hand, a measurement of g (2) (0) can unambiguously verify the presence of excitonic coherence in the steady state. To prove this, we will now evaluate Eq. (4) for a reference case in which no coherence exists. This reference case consists of two TLSs with no coherence, neither in the bare or the excitonic (energy) basis and no population imbalance, i.e. a state that fulfils the following three conditions: (I) ρ e1e2 = ρ e2e1 = 0, (II) ρ e1e1 = ρ e2e2 ≡ p, and (III) ρ dd = p 2 (1 + p) 2 . The last equation comes from the as-
. This is the expected situation when the dimer is excited by a light source with a bandwidth that is much larger than the detuning ∆ between the two TLSs. For instance, for our discussion to remain valid for the excitation by sunlight, we require the detuning to be small enough for the variation of the light intensity with the wavelength to be negligible. We can then show that photon correlations allow to identify states where these conditions are not fulfilled. Applying these conditions in Eq. (4), we find g (2) 
, which we write in terms of the ratio r = E 2 /E 1 as g (2) (0) = 4r 2 /(1 + r 2 ) 2 . Its maximum value of 1 is obtained at r = 1. This is the expected result for two uncoupled TLS, in which the two emitters are independent of each other, which is an intuitive outcome in the absence of coherence. Hence, we find the criterion
to identify coherence, i.e. the limit of two uncoupled emitters can only be surpassed in the presence of steady state coherence in the dimer. A particular dynamical model-We now provide a particular example on how coherence can be detected by fulfilling this inequality. To this end, we introduce a driven-dissipative dynamical model of the dimers in which we will tune the steady state coherence by introducing ad hoc asymmetric incoherent pumping.
The model consists of two coupled TLSs with frequencies ω σ ± ∆/2, described by the dipole Hamiltonian
where J denotes coherent coupling between the TLSs. The eigenstates for J = 0 correspond to the bare or site basis, {|gg , |e 1 , |e 2 , |ee }, see Fig. 1(c) . In the general case J = 0, the eigenstates in the one-excitation subspace are |+ = c|e 1 + s|e 2 and |− = s|e 1 − c|e 2 , where c = 1/ 1 + ξ −2 , s = 1/ 1 + ξ 2 , ξ = J/(∆/2 + R) and R = J 2 + (∆/2) 2 , so that the corresponding energies are ω ± = ω σ ± R. We will consider the general case in which R = 0 and greater than the natural linewidths in the system, i.e. we will assume that one can observe two spectrally resolved peaks in the emission at the energies ω ± . In order to keep the peak separation fixed, regardless of its possible origin, we parametrize ∆ and J by a mixing angle β as J = R cos β and ∆/2 = R sin β. Thus, the case β = 0 corresponds to two peaks originating from two coupled, resonant dipoles, and β = π/2 to two uncoupled, detuned dipoles.
The driven-dissipative dynamics of the dimers in the presence of losses and incoherent driving is described by the master equationρ = −i[H, ρ]
where γ is the decay rate of both dimers and P i the incoherent pumping rate of the i-th dimer. Importantly, we allow for different incoherent excitation rates that can give rise to population imbalance. This is relevant since coherences in the excitonic basis are given by ρ e−e+ = cs(ρ e1e1 − ρ e2e2 ) + s 2 ρ e2e1 − c 2 ρ e1e2 . Thus, in order to have coherence in the excitonic basis we need coherence and/or population imbalance in the site basis, which we can enforce by setting J = 0 (so c = 0) and P 1 = P 2 . As shown in Fig. 2(a) , the pumping imbalance gives rise to steady state coherence between the excitonic states of the dimer which is directly proportional to the asymmetry of the pumps. This allows us to illustrate the potential of g (2) (0) measurements to unveil coherences in the excitonic basis, as we demonstrate in Fig. 2(b) , where g (2) (0) is plotted vs the anisotropy of the pumping and the polarizer angle of the detector setup. This plot reveals regions with g (2) (0) > 1 fulfilling the criterion Eq. (5) and hence signalling the presence of steady state coherence in the system. Only when there is coherence in the steady state, the variation of the polarizer angle yields a value larger than unity for some angle that depends on the dimer parameters, and thus enables the direct detection of steady state coherence. This is the first main result of our paper.
Frequency-resolved measurements-The previous analysis has been devoted to revealing coherence in the stationary density matrix of the system using photon correlation measurements. Now, we explore how frequency-resolved measurements [see Eq. (1)] introduce a time resolution that allows to reveal transient coherent dynamics even when these average to zero in the steady state [see Fig. 3(a) ], allowing to distinguish this case from that of detuned, uncoupled emitters. In our model, we can describe coherent dynamics that yield zero stationary coherences by setting J = 0, P 1 = P 2 , which is the case we consider from now on. Figure 3(b) shows the stationary spectrum of emission,
ω,Γ (t) versus the detection polarization angle ϕ for several combinations of β and θ. The spectrum features two peaks associated with the two possible transition energies between eigenstates, ω ± . If we consider that most of the emission will come from the single-excitation subspace, so that S(ω ± ) ∝ | gg|Ê (+) |± | 2 , we expect
These equations can qualitatively explain the features in Fig. 3(b) . Namely, for θ = 0, the two dipoles are aligned, so both peaks exhibit the same dependence with the polarizer angle ϕ. For θ = π/2, the two are orthogonal, E 1 ∝ cos ϕ, E 2 ∝ sin ϕ. A fluorescence spectrum measurement over a series of polarization angles can therefore provide valuable information about the internal structure of the dimer. However, the information obtained about the presence of coherent dynamics is limited: only in the case of aligned dipoles and β = π/2 the presence of two peaks with same ϕ-dependence unambiguously signifies the absence of coherent coupling. All the other cases shown in Fig. 3(b) , are ambiguous, i.e., one cannot tell whether the peaks are created by uncoupled or coupled emitters. Coherent couplings can, however, be unveiled by correlation measurements in the frequency domain. Without loss of generality, we focus on the case θ = π/2, which is a priori the most ambiguous. We analyse cross-correlations between the two emission peaks [see Fig. 3 (c)], since any possible twophoton de-excitation process from |ee will involve photons of the two frequencies ω ± [see Fig. 1(c) ]. As we show in Fig. 3(d ), measuring this cross-peak correlation for different values of ϕ reveals bunching features [g (2) (ω + , ω − ) > 1] around ϕ = π/4 only in the presence of coherent coupling, even if the steady-state coherence is zero in all cases. To understand this observation, we note that, at ϕ = π/4, coherent coupling yields a destructive interference of the emission at ω − originating from the first-excitation subspace, i.e. S(ω − ) = 0 in Eq. (7) . Consequently, any emission detected at ω − must originate from a two-photon cascade from the doubly-excited state |ee to state |+ , and will therefore show strong correlations with subsequently emitted photons from |+ to |gg at frequency ω + . In the absence of coupling, the two peaks must originate from two independent, detuned emitters, and one recovers the expected result for uncorrelated emission, g (2) (ω + , ω − ) = 1. Conclusions-We have established the potential of steadystate photon correlation measurements as a novel tool for molecular spectroscopy. The analysis of the emission statistics of a dimer model revealed that it is possible to detect the presence of environment-induced steady state coherence in the system. In frequency-resolved measurements, we observe that, akin to cross-peaks in two-dimensional laser spec-troscopy [39] , the bunching of photons at two different frequencies indicates coherent coupling between the dipoles. The strength of the coherent coupling can be read off the bunching ratio, and provides direct access to the bare emitter frequencies, whose accurate determination is of critical importance to relate structural and optical properties in molecular aggregates [41] [42] [43] . Our results clearly demonstrate that photon correlations can provide a new valuable tool for ex-perimentalists and open new avenues in the field of quantum spectroscopy [60, 61] .
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Analytical expressions for steady state density matrix elements
The master equation analysed in the main texṫ
yields the following stationary expectation values:
whereP i ≡ P i + γ and χ ≡ (P 1 +P 2 ) 2 + 4∆ 2 . It is important to notice that coherences ρ e1e2 , given by the correlator σ † 1 σ 2 , are only different from zero provided J = 0 and P 1 = P 2 . The later condition is also a requirement to obtain steady-state population imbalance on the bare basis, which is given by:
As we discuss in the main text, excitonic coherence is given by
which means that driving imbalance P 1 = P 2 is also a requisite for excitonic coherence, which can therefore by tuned by introducing ad hoc asymmetric incoherent driving.
Detection of coherence using g (2) (0): Dependence on system parameters In Fig. S1 , we extend the simulations in Fig. 2 in the main text to different combinations of the angle between bare dipoles θ and mixing angle β. We find that θ does not impede our ability to detect steady state coherence, i.e. if bunching g (2) (0) > 1 signalling coherence is measured for a given dipole-dipole angle θ, it would also be measured for any other angle. Coherence is evidenced by the criterion g (2) (0) > 1 except in the limit case β = 0.
FIG. S1: Dependence of g 2 (0) on the polarization angle and the anisotropy P2/P1, as in Fig. 2(b) . The two free parameters of the dimer system, the mixing angle β and the angle between the dipoles θ are varied.
Frequency-resolved photon correlation measurements
In the main text, we have provided an intuitive explanation for our findings on the frequency-resolved correlations between peaks. Beyond this explanation, we can also qualitatively describe our findings by computing transition matrix elements as we did for the spectrum peaks S(ω ± ). To do this, we note that, at zero time delay, the quantity G (2) 
To see how this qualitatively explains the dependence of g (2) (ω + , ω − ) on the polarisation angle, ϕ, and the mixing angle, β, let us consider the two following limiting cases: a. β = 0 (strongly-coupled) For β = 0, we have J = R, and c = s = 1/ √ 2, so S(ω + )S(ω − ) ∝ cos 2 ϕ − cos 2 (θ − ϕ) 2 , giving g (2) (ω 1 , ω 2 ) ∝ cos 2 ϕ cos 2 (θ − ϕ)
[cos 2 ϕ − cos 2 (θ − ϕ)] 2 .
(S6) 9 FIG. S2: Analytical estimation of the frequency-resolved correlation function between the two emission peaks, g (2) (ω−, ω+) for the two limiting cases of strongly-coupled (β = 0) and uncoupled (β = π/2) emitters.
For θ = π/2, this is equal to g (2) (ω 1 , ω 2 ) ∝ cos 2 ϕ sin 2 ϕ cos 2 ϕ − sin 2 ϕ 2 .
(S7)
b. β = π/2 (uncoupled) For β = π/2, J = 0, c = 0, s = 1, giving S(ω + )S(ω − ) = E 2 1 E 2 2 , and g (2) (ω 1 , ω 2 ) ∝ 1.
These two possible expressions are plotted in Fig. S2 , and qualitatively replicate the characteristic feature observed in our exact, numerical calculations shown in in Fig. 3(d) , namely the emergence of bunching in the presence of coherent dynamics. The expressions obtained here only qualitatively match the exact result due to the contributions to the spectrum S(ω ± ) from the doubly excited state |ee , not considered in these analytical estimations, and to the finite filter linewidth Γ.
